Introduction and preliminaries {#Sec1}
==============================
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                \begin{document}$$L_g$$\end{document}$, respectively.

The work \[[@CR5]\] of Attouch and Czarnecki has attracted since its appearance a huge interest from the research community, since it undertakes a qualitative analysis of the optimal solutions of ([1](#Equ1){ref-type=""}) from the perspective of a penalty-term based dynamical system. This represented the starting point for the design and development of numerical algorithms for solving the minimization problem ([1](#Equ1){ref-type=""}), several variants of it involving also nonsmooth data up to monotone inclusions that are related to optimality systems of constrained optimization problems. We refer the reader to \[[@CR4]--[@CR8], [@CR10], [@CR11], [@CR13]--[@CR15], [@CR20]--[@CR23], [@CR33], [@CR35]\] and the references therein for more insights into this research topic.

A key assumption used in this context in order to guarantee the convergence properties of the numerical algorithms is the condition$$\documentclass[12pt]{minimal}
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In this paper we propose a numerical algorithm for solving ([1](#Equ1){ref-type=""}) that combines the gradient method with penalization strategies also by employing inertial and memory effects. Algorithms of inertial type result from the time discretization of differential inclusions of second order type (see \[[@CR1], [@CR3]\]) and were first investigated in the context of the minimization of a differentiable function by Polyak \[[@CR36]\] and Bertsekas \[[@CR12]\]. The resulting iterative schemes share the feature that the next iterate is defined by means of the last two iterates, a fact which induces the inertial effect in the algorithm. Since the works \[[@CR1], [@CR3]\], one can notice an increasing number of research efforts dedicated to algorithms of inertial type (see \[[@CR1]--[@CR3], [@CR9], [@CR16]--[@CR19], [@CR24]--[@CR28], [@CR30]--[@CR32], [@CR34]\]).

In this paper we consider the following inertial algorithm for solving ([1](#Equ1){ref-type=""}):

Algorithm 1 {#FPar1}
-----------

Initialization: Choose the positive sequences $\documentclass[12pt]{minimal}
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Iterative step: For given current iterates $\documentclass[12pt]{minimal}
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We notice that in the above iterative scheme $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =0$$\end{document}$, Algorithm [1](#FPar1){ref-type="sec"} collapses in the algorithm considered in \[[@CR35]\] for solving ([1](#Equ1){ref-type=""}). We prove weak convergence for the generated iterates to an optimal solution of ([1](#Equ1){ref-type=""}), by making use of generalized Fejér monotonicity techniques and the Opial Lemma and by imposing the key assumption mentioned above as well as some mild conditions on the involved parameters. Moreover, the performed analysis allows us also to show the convergence of the objective function values to the optimal objective value of ([1](#Equ1){ref-type=""}). As an illustration of the theoretical results, we present in the last section an application addressing image classification via support vector machines.

Convergence analysis {#Sec2}
====================

This section is devoted to the asymptotic analysis of Algorithm [1](#FPar1){ref-type="sec"}.

Assumption 2 {#FPar2}
------------

Assume that the following statements hold:(I)The function *f* is bounded from below;(II)There exist positive constants $\documentclass[12pt]{minimal}
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We would like to mention that in \[[@CR21]\] we proposed a forward-backward-forward algorithm of penalty-type, endowed with inertial and memory effects, for solving monotone inclusion problems, which gave rise to a primal-dual iterative scheme for solving convex optimization problems with complex structures. However, we succeeded in proving only weak ergodic convergence for the generated iterates, while with the specific choice of the sequences $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\beta _n\}_{n=1}^\infty $$\end{document}$ in Assumption [2](#FPar2){ref-type="sec"} we will be able to prove weak convergence of the iterates generated in Algorithm [1](#FPar1){ref-type="sec"} to an optimal solution of ([1](#Equ1){ref-type=""}).

Remark 3 {#FPar3}
--------

The conditions in Assumption [2](#FPar2){ref-type="sec"} slightly extend the ones considered in \[[@CR35]\] in the noninertial case. The only differences are given by the first inequality in (II), which here involves the constant $\documentclass[12pt]{minimal}
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We refer to Remark [12](#FPar18){ref-type="sec"} for situations where the fulfillment of the conditions in Assumption [2](#FPar2){ref-type="sec"} is guaranteed.

We start the convergence analysis with three technical results.

Lemma 4 {#FPar4}
-------
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Proof {#FPar5}
-----

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{x}\in \mathcal {S}$$\end{document}$, we have according to the first-order optimality conditions that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\in \nabla f(\overline{x})+N_{\mathrm{argmin}\,g}(\overline{x})$$\end{document}$, thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{p}=-\nabla f(\overline{x})\in N_{\mathrm{argmin}\,g}(\overline{x})$$\end{document}$. Notice that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \ge 1$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \nabla f(x_n)=\frac{y_n-x_{n+1}}{\lambda _n}-\beta _n\nabla g(x_n), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_n:=x_n+\alpha (x_n-x_{n-1})$$\end{document}$. This, together with the monotonicity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla f$$\end{document}$, imply that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\left\langle \frac{y_n-x_{n+1}}{\lambda _n}-\beta _n\nabla g(x_n)+\overline{p},x_n-\overline{x}\right\rangle \nonumber \\&\qquad =\left\langle \nabla f(x_n)-\nabla f(\overline{x}),x_n-\overline{x}\right\rangle \ge 0 \quad \forall n \ge 1, \end{aligned}$$\end{document}$$so$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 2\left\langle y_n-x_{n+1},x_n-\overline{x}\right\rangle \ge 2\lambda _n\beta _n\langle \nabla g(x_n),x_n-\overline{x}\rangle -2\lambda _n\langle \overline{p},x_n-\overline{x}\rangle \quad \forall n \ge 1.\quad \end{aligned}$$\end{document}$$On the other hand, since *g* is convex and differentiable, we have for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \ge 1$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 0=g(\overline{x})\ge g(x_n)+\langle \nabla g(x_n),\overline{x}-x_n\rangle , \end{aligned}$$\end{document}$$which means that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 2\lambda _n\beta _n\langle \nabla g(x_n),x_n-\overline{x}\rangle \ge 2\lambda _n\beta _ng(x_n). \end{aligned}$$\end{document}$$As for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \ge 1$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 2\langle x_n-x_{n+1},x_n-\overline{x}\rangle =\Vert x_{n+1}-x_n\Vert ^2+\varphi _n-\varphi _{n+1} \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 2\alpha \langle x_n-x_{n-1},x_n-\overline{x}\rangle =\alpha \Vert x_{n}-x_{n-1}\Vert ^2+\alpha \left( \varphi _n-\varphi _{n-1}\right) , \end{aligned}$$\end{document}$$it follows$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 2\langle y_n-x_{n+1},x_n-\overline{x}\rangle= & {} 2\langle x_n-x_{n+1},x_n-\overline{x}\rangle +2\alpha \langle x_n-x_{n-1},x_n-\overline{x}\rangle \nonumber \\= & {} \Vert x_{n+1}-x_n\Vert ^2+\alpha \Vert x_{n}-x_{n-1}\Vert ^2\nonumber \\&+\,\varphi _n-\varphi _{n+1}+\alpha \left( \varphi _n-\varphi _{n-1}\right) . \end{aligned}$$\end{document}$$Combining ([4](#Equ4){ref-type=""}), ([5](#Equ5){ref-type=""}) and ([6](#Equ6){ref-type=""}), we obtain that for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\ge 1$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\varphi _{n+1}-\varphi _n- \alpha \left( \varphi _n-\varphi _{n-1}\right) +\lambda _n\beta _ng(x_n) \nonumber \\&\quad \le \Vert x_{n+1}-x_n\Vert ^2+\alpha \Vert x_{n}-x_{n-1}\Vert ^2 -\lambda _n\beta _ng(x_n)\nonumber \\&\qquad +\,2\lambda _n\langle \overline{p},x_n\rangle -2\lambda _n\langle \overline{p}, \overline{x}\rangle . \end{aligned}$$\end{document}$$Finally, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{x}\in \mathrm{argmin}\,g$$\end{document}$, we have that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\ge 1$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 2\lambda _n\langle \overline{p}, x_n\rangle -\lambda _n\beta _n g(x_n)-2\lambda _n\langle \overline{p},\overline{x}\rangle= & {} \lambda _n\beta _n\left[ \left\langle \frac{2\overline{p}}{\beta _n},x_n\right\rangle -g(x_n)-\left\langle \frac{2\overline{p}}{\beta _n},\overline{x}\right\rangle \right] \\\le & {} \lambda _n\beta _n\left[ g^*\left( \frac{2\overline{p}}{\beta _n}\right) -\left\langle \frac{2\overline{p}}{\beta _n},\overline{x}\right\rangle \right] \\= & {} \lambda _n\beta _n\left[ g^*\left( \frac{2\overline{p}}{\beta _n}\right) -\sigma _{\mathrm{argmin}\,g}\left( \frac{2\overline{p}}{\beta _n}\right) \right] , \end{aligned}$$\end{document}$$which completes the proof. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Lemma 5 {#FPar6}
-------

We have for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \ge 1$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Omega _{n+1}(x_{n+1})\le & {} \Omega _n(x_n)+(\beta _{n+1}-\beta _n)g(x_{n+1})\nonumber \\&+\left[ \frac{L_n}{2}+\frac{\alpha }{2\lambda _n}-\frac{1}{\lambda _n}\right] \Vert x_{n+1}-x_n\Vert ^2+\frac{\alpha }{2\lambda _n}\Vert x_n-x_{n-1}\Vert ^2. \end{aligned}$$\end{document}$$

Proof {#FPar7}
-----

From the descent Lemma and the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla \Omega _n$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_n$$\end{document}$-Lipschitz continuous, we get that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Omega _{n}(x_{n+1})\le \Omega _n(x_n)+\left\langle \nabla \Omega _n(x_n),x_{n+1}-x_n\right\rangle +\frac{L_n}{2}\Vert x_{n+1}-x_n\Vert ^2 \quad \forall n \ge 1. \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla \Omega _n(x_n)=-\frac{x_{n+1}-y_n}{\lambda _n}$$\end{document}$, it holds for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \ge 1$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f(x_{n+1})+\beta _ng(x_{n+1})\le & {} f(x_n)+\beta _ng(x_n)\\&-\left\langle \frac{x_{n+1}-y_n}{\lambda _n},x_{n+1}-x_n\right\rangle +\frac{L_n}{2}\Vert x_{n+1}-x_n\Vert ^2 \end{aligned}$$\end{document}$$and then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f(x_{n+1})+\beta _{n+1}g(x_{n+1})\le & {} f(x_n)+\beta _ng(x_n)+(\beta _{n+1}-\beta _n)g(x_{n+1})\\&-\frac{1}{\lambda _n}\Vert x_{n+1}-x_n\Vert ^2+\frac{\alpha }{\lambda _n}\left\langle x_{n}-x_{n-1},x_{n+1}-x_n\right\rangle \\&+\frac{L_n}{2}\Vert x_{n+1}-x_n\Vert ^2, \end{aligned}$$\end{document}$$which is nothing else than$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Omega _{n+1}(x_{n+1})\le & {} \Omega _n(x_n)+(\beta _{n+1}-\beta _n)g(x_{n+1})+\left[ \frac{L_n}{2}-\frac{1}{\lambda _n}\right] \Vert x_{n+1}-x_n\Vert ^2\nonumber \\&+\frac{\alpha }{\lambda _n}\left\langle x_{n}-x_{n-1},x_{n+1}-x_n\right\rangle . \end{aligned}$$\end{document}$$By the Cauchy--Schwarz inequalty it holds that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle x_n-x_{n-1},x_{n+1}-x_n\rangle\le & {} \frac{1}{2}\Vert x_{n-1}-x_n\Vert ^2+\frac{1}{2}\Vert x_{n+1}-x_n\Vert ^2, \end{aligned}$$\end{document}$$hence, ([9](#Equ9){ref-type=""}) becomes$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Omega _{n+1}(x_{n+1})\le & {} \Omega _n(x_n)+(\beta _{n+1}-\beta _n)g(x_{n+1})+\frac{\alpha }{2\lambda _n}\Vert x_{n-1}-x_n\Vert ^2\nonumber \\&+\left[ \frac{L_n}{2}-\frac{1}{\lambda _n}+\frac{\alpha }{2\lambda _n}\right] \Vert x_{n+1}-x_n\Vert ^2 \quad \forall n \ge 1. \end{aligned}$$\end{document}$$

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{x}\in \mathcal {S}$$\end{document}$ and all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\ge 1$$\end{document}$, we set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Gamma _n:= & {} f(x_n)+(1-K\lambda _n)\beta _ng(x_n)+K\varphi _n\\= & {} \Omega _n(x_n)-K\lambda _n\beta _ng(x_n)+K\varphi _n, \end{aligned}$$\end{document}$$and, for simplicity, we denote$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \delta _n:= \left( \frac{1}{2\lambda _{n}}+K\right) \alpha +c. \end{aligned}$$\end{document}$$

Lemma 6 {#FPar8}
-------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{x}\in \mathcal {S}$$\end{document}$ and set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{p}:=-\nabla f(\overline{x})$$\end{document}$. We have for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \ge 2$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Gamma _{n+1}-\Gamma _n-\alpha (\Gamma _n-\Gamma _{n-1})\le & {} -\delta _n\Vert x_{n+1}-x_n\Vert ^2+\alpha \left( \frac{1}{2\lambda _n}+K\right) \Vert x_n-x_{n-1}\Vert ^2\nonumber \\&+\,K\lambda _n\beta _n\left[ g^*\left( \frac{2\overline{p}}{\beta _n}\right) -\sigma _{\mathrm{argmin}\,g}\left( \frac{2\overline{p}}{\beta _n}\right) \right] \nonumber \\&+\,\alpha \left( \Omega _{n-1}(x_{n-1})-\Omega _n(x_n)\right) \nonumber \\&+\,\alpha K\left( \lambda _n\beta _ng(x_n)-\lambda _{n-1}\beta _{n-1}g(x_{n-1})\right) . \end{aligned}$$\end{document}$$

Proof {#FPar9}
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The following proposition will play an essential role in the convergence analysis (see also \[[@CR1]--[@CR3], [@CR16]\]).

Proposition 7 {#FPar10}
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The following lemma collects some convergence properties of the sequences involved in our analysis.
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-------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{x}\in \mathcal {S}$$\end{document}$. Then the following statements are true:(i)The sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\Gamma _n\}_{n=1}^\infty $$\end{document}$ is bounded from below.(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{n=1}^\infty \Vert x_{n+1}-x_n\Vert ^2<+\infty $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{n\rightarrow +\infty }\Gamma _n$$\end{document}$ exists.(iii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{n\rightarrow +\infty }\Vert x_n-\overline{x}\Vert $$\end{document}$ exists and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{n=1}^\infty \lambda _n\beta _ng(x_n)<+\infty $$\end{document}$.(iv)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{n\rightarrow +\infty }\Omega _n(x_n)$$\end{document}$ exists.(v)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{n\rightarrow +\infty }g(x_n)=0$$\end{document}$ and every sequential weak cluster point of the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x_n\}_{n=1}^\infty $$\end{document}$ lies in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{argmin}\,g$$\end{document}$.

Proof {#FPar12}
-----
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In order to show also the convergence of the sequence $\documentclass[12pt]{minimal}
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The Opial Lemma that we recall below will play an important role in the proof of the main result of this paper.
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--------------
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\(ii\) The statement follows easily from the above considerations. $\documentclass[12pt]{minimal}
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In the end of this section we present some situations where Assumption [2](#FPar2){ref-type="sec"} is verified.

Remark 12 {#FPar18}
---------
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Numerical example: image classification via support vector machines {#Sec3}
===================================================================

In this section we employ the algorithm proposed in this paper in the context of image classification via support vector machines.
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